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Problem 9. Triangles on Curves.
TEAM: GERMANY (A)

Abstract

Given a second order algebraic curve in R?. Whenever we fix three points on that curve

they will form a triangle which come naturally with specific points like the incentres, the
intercentres, the orthocentres or the intersection points of the medians or the symmedians.
In this paper we describe the occuring loci of these points if one fixes two of the edges A
and B of the triangle and moves the third one C freely along the given algebraic curve.
The final question is to find a general algebraic expression for the loci. It turns out that
these can have rather lengthy descriptions.
At first, we give a general expression for the coordinates of the special points in the
triangle. After that, we use it to define the expressions for the loci. We were then
able to gain further representations for a variety of different loci by evaluating affine
transformations and extensively working with parametric representations of the objects
at hand.

Finally, we were able to solve all given problems, but did not yet consider additional
fields of study.

Question | Letter
Result
1 fully solved
2 partially solved but without a compact formula for the curve
3 fully solved
4 fully solved
5 partially solved but without a compact formula for the curve
6 basic ideas
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1 Introduction and Overview

In this question, we need to analyse a second-order curve. There are three different situations
for this second-order curve. The second-order curve can be

e a parabola
o an ellipse (which includes the circle)
e a hyperbola.

Before we start to analyse these three different situations, we can first get the algebraic
expression of the coordinates of various special points (namely incentre, othocentre, circum-
centres, point of intersection of median and point of intersection of symmedians) within a
triangle.

2 Derivation of the main result

2.1 The coordinates of the special points in triangle
2.1.1 Lemma 1: Description of inner points

We mark the three vertices of the triangle as A(z1,y1), B(x2,y2), C(x3,y3). If points F, D, E
divide AB, BC, AC internally or externally, then we have % = A1, gg = Ao, % = A3, and
BE and AD intersect at point B’ ; AD and C'F intersect at point A’ ; CF and BE intersect
at C’. The coordinates of these points A'(z},y}), B'(xh, y5), C' (x4, y5) are given by

x,_ , . =
i T+ X + Aidigt Yi T4 A + Aidigt
Leti+k=m—-3(i=1,2,3;k=1,2), wheni+k=m >4

;T AT+ ANt 1Tire Yt A1 + Aidip 1Yo

C

Figure 1: Triangle AABC

: s AE CD BB _
Proof. For triangle ABEC, we can use Menelaus’ theorem, then we have DB BE 1,
namely
BB’
= (14 A3)Aa.
mE - (T
In the same way we get
cc’ AA
= (14 A)A3,=—=— = (1 + A2) 1.
C'F ( A3 A'D ( 2)A1



We suppose D(dy,ds), E(e1,e2), F(f1, f2), and then we can use definite Formula proportion

and division point for Line Segments. Therefore

T + Aox3 3 + A3x1

d1:7761:7’f1:

1+ X 1+ A3

Then we have

= T1 + Ax2 + AgA129

L ED VI W
2 = To + Aoxg + AoA3xq
2 1+ Ao+ Ao)s
o T3 + A3x1 + M Aaxs
3 14+ X3+ A3\

The same way, we can get the expression of i, y5, 5

1+ A1z2

14+ X\

2.1.2 List of the desired coordinates within a triangle

So according to Lemma 1, we can choose the correct A\; to get the desired coordiantes.

1IN =2 g =23 = % and BC = m, AC = n, AB = q, the coordinate of incentre

~n

Iis
I(

mx1 + nxa + qr3 my; + ny2 + qys

m+n+q = mtnitgq

)

2. If A\ = cotd N, = cotB A, — otC 1o coordinate of the orthocentre H is

cot B’ cot C? cot A’

ritan A+ xotan B + zgtanC yp tan A + yo tan B + yztan C

H(

tan A +tan B + tan C ’ tan A +tan B + tan C

)

3. Since the circumcentre of AABC is the orthocentre of ADEF, the coordinates of the

circumcentre of AABC' are given by the term

0("”1(

tan B + tan C) + xa(tan C + tan A) + x3(tan A + tan B)

yi(tan B + tan C) + ya2(tan C' + tan A) + y3(tan A + tan B)

2(tan A + tan B + tan C)

Y

)

2(tan A + tan B + tan C

Let us remark that we need to remove the situation that AABC' is a right triangle.

Consequently, we will treat this case specifically.

4. when A1 = A2 = A3 = 1,the centre of gravity G is

G(

T1+x2+ 23 y1+y2+y3)

3 ’ 3



2.1.3 Coordinate of intersection of symmedians

It is time for us to talk about the coordinate of intersection of symmedians which we will
denote by L.this is more intriguing than the previous cases, we decided to place this in a
separate subsection.

As we all know the symmedians are three special lines in a triangle that are defined via the
reflection of the bisector of the corresponding angle on the three median lines. According to
the definition, it is symmetrical with the median, and the axis of symmetry is the angular
bisector. Its construction is shown in figure 2. So we can know that /B'A'L = Z/C'A'E. We

Figure 2: The Intersection L of the three symmedians

will now evolve the coordinates of L in the following way.

We stick to our notation and consider a point D between B and C' and instead of Lemma 1,
we now want to compare the areas of the resulting inner triangles just like in figure 3. By
this, we can identify the coordinate of the symmedian intersection point L. Now we compare

A

B
o

Figure 3: Triangle AABC with D on BC

the areas of the two triangles Saapp and Saapc and find

1o 1
Saasp = 5|AB| - [AD|sin ZBAD = 3[BD| - [AD|sin ZADB

1 — —= 1— —
SaADC = 5\AC| -|AD|sin ZDAC = E‘CD’ -|AD|sin ZADC

So we have
ABsin /BAD = BDsin/ADB

ACsin ZDAC = CDsin ZADC
As we all know that sin ZADB = sin ZADC,so we have

ABsin /BAD BD
ACsin/DAC  CD




Use of the formula We can use (1) in the triangle in the Figure 2.
B'L  A'B'sin/B'A’'L
LC"  A'C'sin ZLA'C'
BE _A'B'sin/B'A'E
EC  A'C'sin ZEA'C'
It is clear that sin /ZB’A’E = sin ZLA'C’, sin/B'A'L = sin ZEA'C’ so that we have

B'L A'B,
cr = @)

So according to the Lemma 1,we have coordinate intersection of symmedians

2 2 2 2 2 2
stz tas+ (G + %)+ (B +5)n+ (5 + %)
a2+ b% + c2

)

L

2 2 2 2 2 2
yitytys+ (% + Sy + (S + Sy + (S + S)ys
a?+ b+ 2
*a, b and ¢ are the lengths of the three sides of the triangle.

)

2.2 The way to describe the shape of the locus
2.2.1 Some preliminary analysis

We are interested in the locus of a point that occurs when we fix A and B but move the
point C' of the triangle along the given quadratic curve. In the following we rename the three
points A, B,C to Pi, Py, Py and search for a function f : R?> — R? that will describe the
shape of the locus. This means: Given the two fixed points P, and P» of the triangle on the
given algebraic curve, we are looking for the function f to describe the locus.

(P, Py) = f or (P,P)— f(z,y)

Now we notice that all the coordinate can be written like the following type.

lz1 + uze + vy ly; + vys + uys
l+u+v 7 l4u+v

( )

For all the (z1,y1), (z2,y2), (x3,y3): They must be fit the equation
ax® +bry +cy® +dr +ey+ f =0

If we want to find the relationship or mapping between

lx1 +uxy + vas and lyr + uy2 + vys
l+u+v l+u+wv

we can research the algebraic structure of these two algebraic expressions. It is very clear that
the algebraic structure is made up with some small algebraic expressions, so the mapping ¢

lxy 4 uxs 4 v . lyr + uy2 + vy
 m+n+gq l+u+wv

has the same character as the mapping v which is x1 — y1, T2 — yg or z3 — y3 : v is a
kind of mapping that makes another mapping ¢ : (x,y) — f(x,y) tenable,so mapping ¢ also
can make the mapping ¢ : (z,y) — f(x,y) tenable, so ¢ is also a second-order curve type
mapping. Anyway, we can construct a mapping that satisfies the conditions, so the locus can
be expressed.



mx1+nra+qrs my1+ny2+qys
h m-+n-+q and m-+n-+q from

ax? + bry + cy? + dx + ey + f = 0 By definition the points of the triangle (1, y1),(z2, y2) and
(w3, y3) satisfy the equation ax? + bxy + cy? + dx + ey + f = 0. This means that we have

No matter how it is, we can make an equation wit

a:c% + bx1y; +cy% +dri+ep+f=0

azy + baoys + cys +dza +eys + f =0
ax% + bxsys + cy% +drsteys+f=0

As we all know that (x3,y3) doesn’t influence the locus, but it fits a second-order curve, so
we can write the following term to make a function to make

lx1 + uxe +vrs ly; + uys + vys

( l+u+v > l+u+wv

)

work.
We can use the following things to replace formal the x and y into

(l+u+v)x—lzy —uze,(l +u+v)y — ly1 — uys.
Then we arrive at
a((l +u+v)z — 1z —uxs)? + (1 +u+v)x — oy — uxs) (1 4+ u +v)y — ly — uys)

te((l+u+v)y—ly —uye)? +d((l+u+v)z — 1oy —uzs) +e((l+u+v)y —ly, —uy)+ f = 0.

2.2.2 The Incentre’s locus

When we talk about the Incentre’s, we can just understand the l,u,v as m,n,q, but a,b,c have
something to do with the length of the triangle,that means,a,b,c have something to do with
the (z1,y1),(z2,y2) and (z3,y3), so it maybe influence the shape of the locus,so we need more
analyse

2.2.3 The Orthocentre’s locus

When we talk about the orthocentre H, we can just understand the algebraic expression as
the same one, namely we can understand | as tan A,u as tan B,v as tan C,and tanA, tanB
and tanC has something to do with the (z1,y1),x2,y2 and (z3,ys3), so it maybe influence the
shape of the locus,so we need more analyse

2.2.4 The Circumcentre’s locus

When we talk about the Circumcentre O, we can just understand the algebraic expression
as the same one, namely we can understand 1 as tan B + tanC,u as tanC + tan A,v as
tan A 4+ tan B,but if we think more about it, the circumcentre must be a line,so we need
use another way (the Geometrical method) to prove it. As we all know that Point A,B
are socalled fixed, so that it can fix the perpendicular bisector of AB and according to the
definition of the circumcentre, the circumcentre is on the perpendicular bisector of AB, so
circumcentre’s locus is a line

2.2.5 Intersection of medians’ locus

When we talk about the intersection of medians’ locus G, we can just understand the algebraic
expression as the same one, namely we can understand m,n,q as 1,s0 it is very clear that the
locus of intersection of medians’ locus is a sencond-order curve.



2.2.6 The locus of the Intersection of symmedians

When we talk about the symmedians locus,we can also understand LLu and v as o + b; +
a® b2 c? a? a® b? c?

02’a2+b2+ 2 > and 2+b2+ 27bUt 2+b2+02’a2+b2+ 2 > and 2+b2+ 2 > have

something to do with the length of the triangle,that means,they have something to do with

the (z1,y1),22,y2 and (x3,ys), so it maybe influence the shape of the locus,so we need more

analyse

2.3 The algebraic expression of the loci

After we find out that we can use mapping and so on to descreibe the shape of locus, we can
now try to get the algebraic expression for each locus.

2.3.1 Algebraic description of the incentre’s locus

It is time for us to talk about the algebraic exppression for incentre’s locus.That means, we
need to deal with coordinate of the incentre, and find the relationship from the coordinte, but
what we need to pay attention with is, there are two different situation, one is C above the
AB,the another is C under AB,they are different, also with different algebraic expression.So
we now look at the algebraic expression of incentre

mx1 + nr2 + qr3 myr + nyY2 + qys3

I ;
( m+n-+q m+n-+gq

)

According to the 2.1.2 we know that they fit the following function
a((m +n+ q)x —mxy — nae) + b((m + n + @)z — may — nae)((m +n + q)y — my1 — ny2)

+C((m+n—|—q)y—my1—ny2)2—|—d((m—|—n+q)$—m$1—nx2)+e((m+n+q)y—my1—nyg)—l—f =0

As we all know that m,n, g have something to do with the length of the three sides of the
triangle, namely

m = /(x5 — 22)2 + (y3 — y2)2
n=+/(z3—21)%+ (ys — y1)2
q=(r2—y1)%+ (y2 — 1)

Then we have

a((v/(z3 — 22)2 + (y3 — 12)2 + V(23 — 21)2 + (y3 — v1)2 + V(22 — 1)2 + (2 — y1)?)z

—V/ (x5 — 22)2 + (y3 — y2)221 — /(3 — 21)% + (y3 — y1)222)°+
b((V/(z3 — 22)2 + (y3 — y2)2 + V(x5 —21)2 + (Y3 — y1)2 + V(22 — 11)% + (12 — 1))
—/(x3 — 22)2 + (y3 — y2)2x1 — V(23 — 21)2 + (y3 — ¥1)272)

(Vw3 — 22) + (3 —92)% + V(3 — 21)2 + (3 — 91)2 + V(22 — 91)? + (2 — 1))y
—V/ (3 — 22)? + (ys — ¥2)%y1 — V(23 — 21)? + (Y3 — ¥1)¥2)

(Vw3 —22)? + (g3 — y2)2 + V(23 — 21)2 + (43 — y1)? + V(22 — y1)? + (92 — 1))y~
V(w3 —29)% + (43 — 12)21 — V(w3 — 21)% + (3 — 41)%00)”
+d((V (w3 — 22)2 + (y3 — y2)2 + V(@3 — 21)% + (Y3 — 11)> + V(22 — 11)> + (12 — 11)%)
—/ (x5 — 22)2 + (y3 — y2)2x1 — V(23 — 21)2 + (y3 — ¥1)272)
+e((v/ (23 — 22)2 + (y3 — y2)? + V(w3 — 21)2 + (y3 — y1)% + V(w2 — y1)% + (v2 — 1))y
—V/(w3 — 22)2 + (y3 — 2)%01 — V(w3 —21)2 + (y3 — 11)%y2) + [ = 0




2.3.2 Algebraic description of the the othocentre’s locus

It is time for us to discuss the algebraic expression for the othocentres’ locus H.

ritan A+ xotan B + xz3tanC yp tan A + yo tan B + yztan C
tan A +tan B + tan C tan A +tan B + tan C

H( )

According to the 2.1.2 we can know that they fit the following function
a((tan A + tan B + tan C)z — tan Az; — tan Bao)?+

b((tan A+tan B+tan C)z—tan Ax; —tan Bxo)((tan A+tan B+tan C')y—tan Ay; —tan Bys)+
¢((tan A 4 tan B + tan C)y — tan Ay; — tan Bys)?+
d((tan A+tan B+tan C)x—tan Azy—tan Bxg)+e((tan A4+tan B+tan C)y—tan Ay; —tan Bys)+f =0

Now we can use the slope to express the tan A,tan B and tan C,

Y2 — 1
kap =

X9 — X1

Ys — Y2
kpc = ——

xr3 — T2

Ys —
kca =

r3 — I

and now we can write the tan value for the angle

tan A — kca — kan _ E”Z;iii B féiiii _ (Z/s - y1)($2 - $1) - (yz - y1)($3 - 361)
L+kackap 14 B2 2 (g3 —a)(22 — 21) + (y3 — y1) (Y2 — 41)
tan B — kpc —kap _ ol e _ (s — o) (@2 —21) — (y2 — y1) (23 — 29)
1+ kpokap 14 B2 (23— a9)(29 — 21) + (Y3 — y2) (Y2 — 1)
tan O — kca —kpc _ - _ (3 =) (23 — 22) — (y3 — yo) (23 — 21)
1+ kcakpe 14 B2 B=Y2 (g3 — xq) (23 — 22) + (y3 — ¥1) (Y3 — ¥2)

T3—T] T3—T2

It is very clearly that we have

(y3 —y1)(z2 — x1) — (y2 — 1) (w3 — 71)
(3 —z1)(z2 — 1) + (y3 — Y1) (Y2 — Y1)

(y3 — y1)(z3 — 72) — (y3 — y2) (23 — 71)
(23 — 21) (23 — 22) + (Y3 — y1) (Y3 — Y2) (x3 — @1) (w2 — 21) + (Y3 — y1)(¥2 — ¥1)
(ys — y2)(x2 — 1) — (y2 — y1)(x3 — x2)

(z3 — @2) (22 — 1) + (Y3 — ¥2)(y2 — 1)

b (ys —y)(@2 — 1) — (2 —y1) (w3 —@1) | (Y3 —y2)(x2 — 71) — (y2 — y1)(xz3 — 72)

(Y3 — yo)(z2 — 21) — (y2 — y1) (w3 — 72)
(z3 — z2) (22 — 1) + (y3 — Y2) (Y2 — ¥1)

(y3 —y1)(z2 — 71) — (y2 — 1) (23 — 71)

a((

Tr1—

302)24-

(3 —z1) (w2 — 1) + (y3 — ¥1) (Y2 — ¥1)
(ys — y1) (@3 — x2) — (y3 — y2) (w3 — 1)

(3 — x2) (w2 — 1) + (Y3 — ¥2)(¥2 — ¥1)
(y3 — 1) (@2 — 1) — (y2 — y1)(x3 — 21)

(3 — m1) (23 — 22) + (Y3 — y1) (Y3 — o)

(z3 —x1) (2 — 1) + (Y3 — y1) (Y2 — v1)

(y3 — y2)(x2 — 21) — (y2 — y1) (23 — wz)x )(((ys —y1)(w2 — x1) — (y2 — v1) (23 — 1)
(r3 — w2)(z2 — 1) + (y3 — ¥2)(y2 — 1) ? (w3 — 1) (22 — 1) + (y3 — 1) (Y2 — Y1)
(Y3 — y2)(z2 — 21) — (y2 — 1) (23 — 72) n (y3s —y1)(z3 — x2) — (y3 — y2) (23 — 71)
(3 —z2)(x2 —21) + (Y3 —y2) (Y2 — 1) (@3 — 21) (w3 — 22) + (Y3 — v1)(y3 — ¥2)



_(3/3—y1)(902—371)—(92—y1)(903—961)y (y3 — y2) (w2 — 1) — (y2 — y1) (23 — 22) "
(23— 21) (2 — 1) + (g3 —y1) (2 — y1) " (23— @2) (w2 — 1) + (y3 — y2) (g2 — 41)
(ys —y1) (@2 — 1) — (g2 —y1) (w3 — 1) | (y3 —w2) (@2 — 1) — (2 — y1) (w3 — T2)

C(((wzs —x)(r2 —21) + (Y3 —v1)(y2 —y1) (x5 —x2)(z2 — 21) + (3 — Y2) (Y2 — ¥1)

)
(y3 — y1) (s — @2) — (y3 — ya2) (w3 — 21) Y (y3 —y1) (w2 — @1) — (y2 — y1) (w3 — 21) X
(w3 — x1) (23 — 22) + (y3 — y1)(y3 — ¥2) (3 —1)(x2 — 21) + (y3 — y1)(y2 — 1)
(w3 —y2) (@2 —w1) — (y2 — y1) (w3 — @) )2
(x5 — x2) (w2 — 1) + (Y3 — ¥2) (Y2 — ¥1)
g3 = y)(@2 —21) = (y2 —y1)(ws —21) | (Y3 —9o) (22 — 1) — (42 — 41) (23 — 22)
(x3 — 1) (w2 —21) + (Y3 —y1) (Y2 —y1) (x5 — 22) (22 — 1) + (Y3 — ¥2) (Y2 — ¥1)
(ys —yi) (a3 —2) = (ys —y2) (w3 — 1), (y3 —y1)(22 —21) = (y2 — 1) (23 — 1)
(x3 — z1)(v3 — 22) + (y3 — ¥1) (Y3 — ¥2) (23— x1) (22 — 1) + (g3 — y1)(y2 — 1)
(y3 — y2)(x2 — 1) — (Y2 — y1) (23 — 22)
(x5 — z2) (w2 — 1) + (y3 — ¥2)(y2 — ¥1)
(y3 —y1)(x2 — 21) — (y2 —y1)(xs —x1)  (y3 —y2)(x2 — 1) — (y2 — y1) (23 — 2)
(3 — 1) (w2 —21) + (Y3 —y1) (Y2 —y1) (23 — 22) (22 — 1) + (Y3 — ¥2)(¥2 — Y1)
(ys — y1) (@3 — m2) — (y3 — y2) (23 — 71) y— (ys —y1) (@2 — x1) — (y2 — y1) (w3 — 71) )
(23 — 1) (23 — 22) + (Y3 — y1) (Y3 — ¥2) (x5 — z1)(w2 — 21) + (y3 — ¥1)(y2 — ¥1)
(ys —y2)(x2 — 1) — (y2 —y1) (23 — 22)
(05— w2) (@2 — o) + (s — )z —g) 2 T/ O

x9)+

2.3.3 Algebraic expression of the circumcentre’s locus

As we all know, the graph for the cirumcentre’s locus pass the middle of the line AB and
perpendicular to the line AB, so we can get the algebraic expression:

Ty — Ty a3 +yi — a3 — 3
Y1 — Y2 2y1 — 2y

2.3.4 The algebraic expression of the locus of the intersection of the medians

As we all know, we can use definied proportion and division point to get the algebraic ex-
pression of the median’s locus. If the point the A, B are fixed, so the middle point of A, B is

fixed we named the middle point of AB as P. If we mark gg = \,we have

A:} PG _zg—zp Yo —yp
2 GC zg—zc Yo - Yo

When we look at this, we can now describe the coordinate of the intersection of the median’s

like following ) )
Tp x3 Yp Y3

11 YT T
Because the (xp, yp) are fixed, so that (z¢, yg) can only be influenced by (23, y3) and therefore
(x3,y3) is on a second-order curve. Hence, (2, yg) must be on a second-order curve as well.

TG =

2z, + 73  2yptuys

3 y Yg = 9
It is easy for us to know that the locus (z¢g, y¢) is the graph is narrowed by three times the
graph of equation az? + bzy + cy? + dz + ey + f = 0, it is like a(3z)? + b(3x)(3y) + c(3y)? +
d(3z) + e(3y) + f = 0 and this graph move in the coorinate system, the position of graph is
decided by (z1,¥y1) and (x2,y2). We can now the use the 2.2.1

rq =

a(3z — x1 — x2)* + b(3z — 1 — 2)(3y — Y1 — y2)+
c(3y — 1 —y2)2+d(3x—x1 —x9)+eBy—y1—y2)+f=0
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then know that a,b and ¢ have something

2
R

2

b2

2

a2
a? = (3 — 952)2 + (y3 — 92)2

b? = (x3 — $1)2 + (y3 — y1)2
A =(r2— 1)+ (2 — )?

b2 b2
-+ 2 —+ 2 and
to do with the length of the sides. This means

a? b2

c29a2

a?
b2

a?

If we want to get the algebraic expression for symmedian’s locus, we can just replace [, u and
2
a

2.3.5 Algebraic description of the locus of the intersection of symmedians

Then we have

v by
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+
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(z3 — 22)% + (y3 — y2)?
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(x5 — 22)* + (y3 — y2)?

According to the 2.2.1, we have the following equations

1+
1+
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a2
62
a?

1+
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(3 —21)* + (y3 — y1)?

(z3 — 21)* + (y3 — y1)
(2 —vy1)?2 + (y2 — 1)

+

+

5 )z2)? 4+ b((3 +

(z3 — 22)? + (y3 — y2)?
(3 —21)% + (y3 — 11)?

(22 —y1)* + (y2 —y1)?
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+

(x5 — 22)* + (y3 — y2)?
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_|_
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X

)

x2)

)

+

(23 —x1)% + (y3 — 11)?
(z3 —22)% + (y3 — y2)?

(z2 —y1)? + (y2 — y1)?
(3 —21)% + (y3 — y1)?

+
+

(x5 — 22)? + (y3 — y2)?
(z3 —21)? + (y3 — 11)?

(z2 —11)* + (y2 — y1)?
(23 —22)% + (y3 — ¥2)?

+

(xg — x2)? + (y3 — y2)?

(x5 —21)? + (y3 — 11)?
(22 —y1)? + (Y2 — y1)?
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(73 — 22)* + (y3 — 42)*
(3 —21)% + (y3 — y1)?

(z2 —y1)* + (y2 — 91)?
(23 —22)% + (y3 — ¥2)?

(23 — 22)” + (y3 — y2)*
(23 —21)? + (y3 — y1)?

(x5 —21)? + (y3 — 11)?
(z2 —y1)* + (y2 — y1)?

2

(z3 —21)* + (y3 — 1)

(z2 —y1)* + (y2 — y1)
(x5 — 1) + (y3 — 11)?
(23 —22)% + (y3 — ¥2)?

_|_

+

5)y2) + (3 +

(z2 —y1)* + (y2 — w1)?
(w3 —21)% 4+ (y3 — y1)?

Y

)

_l’_

+

_l’_
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(x5 —21)* + (y3 — y1)?
(3 —22)% + (y3 — ¥2)?

(23 — 22)” + (y3 — ¥2)* L (23 — 22)? + (y3 — y2)2) )

—a (w3 —21)? 4+ (y3 —y1)? (w3 — 1)+ (y3 —y1)?

—(1+

(z3 — 1) + (3 —y1)*, o (23 —x2)” + (y3 —y2)® | (23— 22)* + (y3 — 52)°
" (2 —y1)? + (y2 —y1)? Jva)" + 3+ (w3 —x1)2 + (y3 — y1)? * (w3 — 1) + (y3 — yl)2+

(3 —21)% + (y3 — y1)? N (x5 —x1)? + (y3 — y1)? §

(w3 —22)2 + (y3 —y2)2 (2 —y1)?2 + (2 —y1)?

(x5 —22)* + (y3 — y2)2)
2

(x3 —21)? + (y3 — y1)

+e((3 +

(23 — 22)* + (Y3 — ¥2)
)

Jr— (1 (z3 —21)? + (y3 — 01

2

(23 —x1)” + (ys —y1)? | (w3 —21)* + (y3 — yl)z)x )
2

(x3 —22)? + (y3 —v2)? (22 —y1)* + (v2 — v1)
(563 —z2)? + (ys —)® | (w3 —x2)® + (g3 —12)® | (z3—21)” + (y3 — 11)?
(3 —21)* + (y3 —y1)? (23 —21)*+ (y3 —y1)* (23 — 22)% + (Y3 — ¥2)?
(z3 —x1)° + (y3 — y1)2)y (23 —22)* + (y3 —y2)® | (23— 22)” + (y3 — 32)°
(w2 — yl) + (y2 — yl)2 (73 — 961)2 (y3 — yl)2
(3 — 21)* + (Y3 — 91)° (ﬂ?z—»’vl) + (y3 —y1)?
(3 —22)? + (3 —y2)? | (22— 92)° + (v2 — 91)

xy— (1+

—+

— 1+

+(ys —y1)? (w3 —21)* +

5)y2) +f =0

—(1+

2.3.6 Some discoveries

It is appearent that the way how we describe the function f of the loci is not correct, if we
treat x3 ansd ys like normal coefficients. All graphs of the functions f should be second-
order-curves. But on the other hand we observe that they are not, if we try to draw the
graphs. This means that we need a different way to deal the algebraic expressions.

2.4 A different attempt to describe the algebraic expressions of orthocen-
tre’s, incentre’s and symmedian’s locus

Now we are going to try to use the parametric equation to deal with the function, that means
we are now trying the find the parametric equation expression for 2.3.1, 2.3.2 and 2.3.5, but
as we all know that for different types of graphs(like ellipse, hyperbola or parabola), we have
different kinds of prametric equations

2.4.1 Affine transformation

We now assume a point in R? in the old coordinate system xOy and now transform it to
new coordinates 2’O’y’. This means we change the coordinate system from (z,y) to(z’,y’).
So the origin O in the old system will be moved towards O’ in the new system. In the old
system it belongs to the coordinates (v, w). Therefore, we have

x' =xcosf +ysinf — pcosf — gsinb
y = —xsinf +ycosf + psinf — qcosh

0 is the angle which the second-order-curve turned.
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2.4.2 Incentre’s locus

Ellipse For an ellipse az? + bxy + cy? +dr+ey+ f = 0, we can get the algebraic expression

for its “original” function as ax? 4 cy? = —f, so we all can get the prametric equations
_ v=f
YT A
_ V- F
N

Now we can get the prametric equation for the usual ellipse axz? +bry + cy? +dx+ey+ f = 0.

That means

T = %cosQ—i—%sinG—vcos@—wsin@
ﬂsin9+ ﬁcos&—i—vsin@—wcos@

v Ve

So we have

v—f v=Ff

{ T = %sintlcosﬁ—i— %costlsinﬁ—vcosﬁ—wsine

Y1 = —7 sint1 Sil’l9+ TCOStl COS&—FUSiHe —wcosf

va
V=TI

Ja

{ To = ﬁsint20089+ ﬂcosbsin@—vcos@—wsin@

Yo = — YL sintysinf + —V\/_EfcostgcosequsinH —wcos b

Ve

{ T3 = %Sint3C089+ %Costgsinﬁ—vcosﬂ—wsine

Y3 = —%Cf sinty sinf + \/%Costl cosf +vsinf — wcos
m = ((? cos f(sints — sintsg) + ‘? sinf(costz — costy))? + (—% sin f(sints — sinty)+
‘/? cos f(costs — costy))? )%
n= ((g cosf(sints —sinty) + % sin@(costs — costy))? + (—% sin f(sints — sinty)+
*/? cos H(COS ts —costy)) )%
q= (( \/6 cosf(sinty —sinty) + % sinf(costy — cost))? + (— \/\/? sin f(sinte — sinty )+
*/\E cos f(cos ty — cos tl))Q)%

13



Then we have

(2 = (((ﬂ cosO(sints — sinty) + % sin f(cost3 — cost))? + (—ﬂ sin f(sintz — sinta)+

a c
*/\/_? cos 6\(Cos ty — costg))Q)%(‘/? sintj cos 6 + g costysing — v C(\)QH — wsin6)
—l—((% cosf(sints — sinty) + V=1 gin f(costs — costy))? + (—\/\? sinf(sints — sinty)+
‘/\;? cos f(costs — cos tl))2)%( L sin ty cos 6 + \/\; costysinf — v cosf — wsin h)
—1—((\/\/_? cosf(sinty — sinty) + sm@(costg —costy))? + (—% sin f(sinte — sinty)+
‘/\? cos f(costy — cos tl))Q)%( ! sints cos 6 + ‘/\7 costzsinf —vcosf —wsinf))/
(((\/\/_? cosfO(sints — sinty) + f sin f(cos t3 — cost))? + (—% sin f(sints — sinty)+
*/\/_? cos f(costs — costg))2)% + ((\/P cosf(sints —sinty) + % sin §(costz — costy))?+
(—\/\/? sin f(sint3 — sint1) + Y=L cos O(costs — costy))? )2 + ((\/\? cos f(sinty — sinty)+
‘/g sin f(costy — costy))? + (—‘/7: sinf(sinte — sinty) + \/\7 cos f(costy — costy)) )%)
yr = (((% cosf(sints — sinty) + % sin f(costz — costy))? + (—% sin f(sintz — sinta)+
*/\/_? cos f(costs — cos tg))Q)%(—g sinty sin @ + */\? costy cosf + vsinf — wcos )
—l—((% cosf(sints — sinty) + \/\/; sin f(costz — costy))? + (—g sinf(sints — sinty)+
‘/\;? cos f(costs — cos tl))2)%(—% sinty sin 6 + ‘? costg cos @ 4+ vsin @ — w cosf)
—l—((\/ﬁ cos f(sinty — sinty) + ‘/7 sin f(costy — costy))? + (—g sin f(sin ty — sintq)+
‘/\? cos f(costy — cos tl))z)%( f sinty sin 6 + ‘/\7 costycosf + vsinf — wcosh))/
(((\/\/_? cosf(sints — sinty) + af sin (cos t3 — cost))? + (—% sin f(sints — sinty)+
\/\/_? cos f(costs — costa))?)z + (( _af cosf(sints —sinty) + % sin @(costz — costy))?+
(—\/\/_? sin f(sintg — sinty) + _Cf cosf(costs — costl))Q)% + ((‘/\? cos f(sinty — sinty)+
\/g sin §(costy — costy))? + (—‘/% sinf(sinte — sinty) + \/\7 cos B(costy — costy)) )%)

We now can write the parametric equation for Incentre. The reason why we get the parametric
equation is we now want to know about the function better, in the nomal way, there are
only one changing coefficient,in our mind, we think that one changing coefficient should be
changing continuous and linear, but now we can know from the normal function and the
parametric function, we know that it the so-called ”one coefficient” is actually changing not
linear, it is actually a kind of transformation of quadratic type and root type.

From this we can realize that it actually has four different variables, not three different
variables.

Hyperbola The same way, we can define the “orginal” function for axz? + bxy + cy® + dx +
ey+ f=0as ax? + cy? = —f, so that we have

Then we have

a V—c

f— YT ing 4 @ntCOSQ—FpSHIQ—QCOSQ

{ = \}Cﬁostcose—i— VoJtant g pcosf — gsinf

vy = Vacost

Then we have

Y1 = —\/\;?nggz + ‘/\/:j;tantl cosf + psinf — qcosf

{ x] = \;Efsci?lstel + ‘/\/::J:tantl sind — pcosf — gsinf
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X9 = \/_afsci‘;lsé + ‘/\/::Jcctantgsinﬁ —pcosf — qsinf
Yo = _\/\/_?Cségf; + Etantg cosf + psinf — gcosd
T3 = Jafsci‘;lstz + ‘/\/::Jcctantgsinﬁ —pcosf — qsinf
Y3 = —‘/\/_?C%gf; + ‘/\/:j;tant;;COSG + psinf — qcos 6
m = ((‘/\F cos G(Smt3 Smt2) + \\P cosf(tants — tants))? + (—‘/\/g Sln9(cost3 — Coim)
1
—i—‘/\; cosf(tants — tanty))?)2
n= ((‘/\F cosH(smt3 — su}tl) j_ ‘/\/:]cc cosf(tants — tanty))? + (—\/\/? 8111(9(005,53 - Coitl)
—i—‘/\; cosf(tants — tant;))?)2
q= ((\/\F cos@(sth - Sir}tl) :L ‘/\/iﬁ cos f(tanty — tanty))? + (— \/\/?Sme(mst2 - Coitl)
| +% cosf(tanty — tanty))?)2
Then we have
(2 = (((‘/\FCOSH(SIMd - smt2) + gcosﬁ(tantd —tants))? + (—g Sln9(005t3 - Coih)
—i—*/% cosf(tantz — tantsy))? )2 (\/g;?lstgl + *F tant) sinf — pcosf — gsin )+
((\/P Cose(smtg — smt1) + \?cos0(tant3 —tant))? + (—‘781n9(c0st3 - Coitl)—i-
g cosf(tants — tantl))Q)%(\/\/?;‘r’fti + \/\; tante sinf — pcosh — gsin )
—1—((\/; cos H(Sth - Smltl) + \/ﬁcos O(tants — tanty))? + (—\/\FSIHG(COStQ - Coitl)
—i—*F cosf(tanty — tantl)) )2 (\/\/?Scl‘ftz + “/\/_jtantg sinf — pcos@ — gsinf))/
(CFF cosbizis = ) + Y=F cosBtanty — tanty)? + (7 sin(5; — o)
+% cos f(tants — tantg)) )2 + ((\7 cos Oy — Sll’ltl) + \\P cos f(tants — tant;))?
+(—Vﬁsm9(w;t3 — C%tl) + *; cosf(tantz — tanty))? ) + ((‘/ﬁ coS t9(bmt2 — Sh}tl)—k
% cos f(tanty — tanty))? + (—‘/ﬁ Slne(costQ - costl) + \\; cosf(tanty — tanty)) )%)
yr = (((*/\Fcost?(smtd - Smt2) + Y= cosﬂ(tantg —tants))? + (*\/\Fbme(msts - CO;Q)
+\/\/§ cosf(tants — tants)) )%( \/\/?Cségfl + ‘/\;tantl cos@ + psinf — gcos )+
(( COS 0(51nt3 smt1) + \/\/:iJcc cos@(tantg - tantl))z + (_\/\/7 Sln9<cost3 B co;t1)
cos O(tants — tantl))2)%( ‘/\/?Cségf; + \/\/:j; tanty cosf + psinf — qcos )+
(( COS (smt2 smt1)+ \/—CCOS (an 2 an 1)) +( f sin (COStz COStl)
—i—‘F cos f(tanty — tantl))z)%( g;gi + ‘/\/:j; tantscos + psinf — qcosf))/
(((\/\F Cose(smts B Slntz) + \/\/:]Cc COSH(t&Ht;} o tantZ))Q T (_g SIHG(COStS B COiQ)
JH\; cosf(tants — tantg))Q)% + ((\7 cos 9(s1nt3 - smt1) + \F cos f(tants — tant;))?
+(_\/\/? Slne(co;td Cost ) + \/\/ii:c cos@(tantg o tantl)) )2 ™ ((\/\F COSQ(Sth Smtl)
% cos f(tanty — tanty))? + (— ‘/\/?81119((3%,52 — o) + \FCOS O(tanty — tant;))?)?)

Parabola We can now write ”original” function for the parabola

x = at?
Yy =at

Then we have

2 = at? cosf + atsinf — pcosf — ¢sinf
y' = —at’sinf + at cos + psinf — qcos b
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Then we have
r1 = at? cos + aty sinf — pcosf — gsind
y1 = —at? sinf + aty cos O + psin — gcosf

Yo = —at3sinf + atz cos O + psin — gcos b

T3 = at3cosd + atzsinh — pcosf — gsinf

{ Ty = at} cos O + atysinf — pcosf — gsind
{ y3 = —at3sinf + atzcos + psin — gcos b

m = ((acosO(ts — to)(t3 +t2) + asinf(ts —t2))? + (—asinO(t3 — t2)(t3 + t2) + asinf(t3 — tg)))%
n = ((CL CcOoSs 9(t3 — tl)(tg + tl) + asin@(tg — tl))Q + (—asin 9(t3 — tl)(tg + tl) + aSine(tg — tl)))
q= ((acosf(ty —t1)(ta +t1) + asinO(ty — t1))? + (—asin(ty — t1)(t2 +t1) + asinf(ts — t1)))

Then we have

WI= o=

xry = (((CLCOS 9(t3 — tg)(tg + tg) + asin@(tg — t2))2 + (—asin@(tg - tg)(t;g + tg) + asin 9(t3 — tg)))%
(at? cosf + atysin® — pcosf — gsin ) + ((acosO(ts —t1)(ts +t1) + asinO(t3 — t1))?
+(—asinf(t3 —t1)(tz +t1) + asinf(t3 — tl)))%(at% cosf + atysinf — pcosf — gsin b))+
((acosO(ty —t1)(ta +t1) +asinf(ta —t1))% + (—asinO(to — t1)(t2 +t1) + asinf(ty — tl)))%

at? cosf + atzsinf — pcosd — gsin)/(((acos O(ts — ta2)(ts + t2) + asind(ts — t2))?

H(—asinO(ts — to)(ts +t2) + asin O(ts — £2)))2 + ((acosO(ts — t1)(ts + t1) + asinO(ts — t1))?
H(—asinb(ts — t1)(ts + t1) + asinO(ts — £1)))2 + ((acos Oty — t1)(ta + t1) + asinO(ty — 1))+
(—asin®(ts — t1)(t2 + t1) + asinO(ts — £1)))?)

yr = (((acosO(ts — ta)(t3 4+ t2) + asinO(tz — t2))? + (—asinO(t3 — ta)(t3 + t2) + asinf(t3 — t2)))%
(—at?sin® + aty cosf + psind — gcosb) + ((acosO(ts — t1)(ts + t1) + asinb(ts — t1))?
+(—asin@(ts —t1)(ts +t1) + asinO(t3 — tl)))%(—at% sin @ + aty cos + psinf — g cos )+
((acosB(ta —t1)(ta +t1) + asinO(ty — t1))% + (—asinO(ty — t1)(ta +t1) + asinO(ty — tl)))%
(—at?sinf + atzcosf + psind — qgcos0))/(((acosO(ts — t2)(t3 + ta) + asinO(ts — t2))?
+(—asinf(t3 —t2)(t3 + t2) + asin(t3 — tg)))% + ((acosB(ts — t1)(ts + t1) + asinO(ts — t1))?
+(—asinf(tz —t1)(ts + t1) + asin(t3 — tl)))% + ((acosO(ty — t1)(ta +t1) + asinO(ta — t1))%+
(—asinf(ty —t1)(t2 +t1) + asinO(ts — )))?)

From this we can know that in each kind of situation, we have different kinds of algebraic
equations. The most important thing for us is that we get the algebraic and parametric
expression with four different variables.

2.4.3 Othocentre’s locus

Ellipse We have
T = % sint
_ V-7
Y=
we now can get the prametric equation for the normal Ellipse ax? + bxy +cy? +dr+ey+ f =
0,that means

cost

V=T V=T

T = %sintcostL%sinﬂ—vcosQ—wsinG
Y= —Tsintsin«9+ TcostCOSG—FvsinH—wcos@

So that we have

v—f v=Ff

T = %sintwos@—i— %costlsinﬁ—vcose—wsine
=7 sinty sin 6 + Tcostl cosf +vsinf — wcosf
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v—f v=Ff

Lo = %sintgcosﬁjL %COStQSiDQ—UCOSH—wSiHQ
ya = =7 sintg sin § + TCostgcose+vsin9 —wcosf

{ T3 = \/\;SlntchSH—l— ‘/\;costgsmH—vcosﬂ wsin 6

Y3 = —% sintssinf + %costdcose +wvsinf — wcosf
tan A = ((—% sinf(sints — sinty) + % cos f(costs — cos tl))(% cos f(sinty — sint;)

—i—*/% sin f(costy — costy)) — (—g sin f(sinty — sinty) + \/% cosB(costy — costy))
(‘/ﬁ cosf(sints — sinty) + ‘7 sin f(costs — costl)))/((‘/ﬁ cosf(sints — sinty)

—i—‘/\; sin f(costs — costy)) ( ﬁ cosf(sinty — sinty) + ‘/\; sin f(costy — costy))+
(— V=7 v=F

¢ sin O(sints —sinty) + e cos O(costs — cos tl))(—ﬁ sin f(sinte — sinty)
)

+ C cos f(costy — costy))

tan B = ((—% sinf(sints — sints) + % cos f(costs — cos tg))(% cos f(sinte — sinty)

+% sin f(costa — costy)) — (—% sin f(sints — sinty) + % cos f(costy — costy))

(‘? cos f(sints — sintg) + \/% sin f(costz — costg)))/((‘/\? cos f(sints — sintg)
—i-\? sin (costs — costg))(\/\;? cos f(sinty — sint;) + \7 sin f(costy — costy))+

(—g sinf(sints — sinty) + ‘/\g cosO(costs — costa))(— ‘/\/? sin f(sintg — sinty)
—i—‘? cos f(costy — costy)))

tanC' = ((—g sinf(sints — sinty) + @ cos f(costs — cos tl))(“/ﬁ cos f(sints — sints)
+‘/P sin @(costs — costy)) — (—% sinf(sints — sintq) + \/\7 cos f(costs — costs))
(% cosf(sints —sinty) + *? sin f(costs — COStl)))/((% cos f(sints — sinty)

+*/% sin f(costs — cos tl))( \/E cosf(sints — sintg) + % sin @(costs — costy))+
+‘C cos f(costs — costa)))
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Then we have

xpg = ((((—ﬂ sinf(sints — sinty) + Y=I cos O(costs — costl))(‘/jf cos f(sinte — sinty)

Ve Ve va
+‘7 sin @(coste — costy)) — (—% sinf(sinte — sinty) + \/\7 cos f(costy — costy))

(% cosf(sints —sinty) + % sin f(costs — costl)))/((% cos f(sints — sinty)

+\/% sin f(costs — costl))(‘/ﬁ cos f(sinty — sint;) + % sin @(costy — costy))+
(—‘/\? sin f(sints — sint;) + ‘7 cos f(costz — cos tl))(—\/% sin f(sinty — sint;)
—i—‘? cosf(costy — costl))))(‘/\? sint; cosf + % costysinf — vcosf — wsin )+
(((—‘/\7 sin f(sintz — sinty) + % cos f(costs — cos tg))(\/ﬁ cosO(sinty — sinty)

—i—‘/\; sin@(coste — costy)) — (— \/\/? sinf(sinte — sinty) + */\7 cos f(costy — costy))

(% cos f(sints — sintg) + \/\/? sin f(costs — COStz)))/((% cos f(sints — sintg)
+% sin f(costs — costg))(% cosf(sinty — sinty) + % sin f(costa — costy))+
(—\/% sin f(sints — sintqg) + % cos f(cos t3 — cos tg))(—% sin f(sinte — sint;)
—i—*/% cos f(costy — cos tl))))(*/\? sinty cos 6 + ? costysinf — v cosf — wsin 0)+
(((—‘/\7 sinf(sints — sinty) + F cos f(cos tz — cos tl))(‘/ﬁ cos O(sints — sinty)
‘/\7 sin f(costs — costa)) — (— f sin f(sints — sinty) + ‘7 cosB(costs — costa))
(g cosf(sints —sinty) + ‘/\; si 9(cost3 - costl)))/((% cos f(sints — sinty)
‘/\; sin f(cos tz — cos tl))( ﬁ cosf(sints — sinty) + % sin f(costs — costa))+

1

cos G(COS t3 — cos tl))(—g sin f(sints — sints)

(—% sin (sintz — sinty) +
+¥=1 cos O(costs — COStz))))(
)

g

C

7 \[ L costssin® — vcosf — wsin6)/

(((—% sinf(sints — sint;) + ‘/\? cos f(costz — cos tl))(*/\? cos f(sinte — sinty)
—i-\/; sin @(costy — costy)) — ( ‘/\7 sinf(sinty — sinty) + C cosf(costy — costy))
(\/\F cosf(sints — sinty) + ‘/\; sin f(costs — costl)))/((\/; cosf(sints — sinty)
—i—‘/\; sin f(costs — costl))( \/a cosf(sinty — sinty) + ‘/\; sin @(coste — costy))+
(—% sinf(sints — sinty) + \/\/? cos O(costs — COStl))(—% sin f(sinte — sinty)
—|—% cos f(costy — costy)))+
((—% sin f(sintg — sintg) + */; cos f(costs — cos tg))( L cosf(sinty — sint)
—i—*/% sinf(costy — costy)) — (— ‘/\;? sin f(sints — sinty) + F cosB(costy — costy))
(‘/ﬁ cosf(sints — sinty) + ‘/\/? sin f(costz — costg)))/((‘/ﬁ cos f(sints — sinty)
‘/\7 sin 0(costs — costg))(\/\/? cos f(sinty — sinty) + ‘/\; sin @(costy — costy))+
(—C sin f(sints — sintsg) + ‘/\/? cos f(costs — cos h))(—% sin f(sinte — sinty)
—i—C cos f(costy — costy)))+
((—% sinf(sints —sinty) + \/\/? cosf(costs — costl))( L cos f(sint3 — sin t)
+% sin f(costs — costa)) — (—‘/\? sin f(sintz — sinty) + F cos f(costs — costs))
(‘? cosf(sints —sinty) + */\;? sin f(costz — costl)))/((‘/ﬁ cos f(sints — sinty)
—i-\? sin f(cos t3 — cos tl))(\/\/? cos f(sints — sintg) + \7 sinf(costs — costy))+
(—g sinf(sints — sinty) + ‘/\; cosO(costs — costy))(— ‘/\/? sin f(sint3 — sinty)
—i—‘? cosf(costs — costa))))

Yy = ((((—ﬂ sinf(sints —sint;) + Y=I cos f(costs — costl))(‘/jf cos f(sinte — sint;)

Ve Ve Va
—i—‘/\; sin f(costy — costy)) — (—‘/ﬁ sin f(sinty — sinty) + ‘? cosB(costy — costy))
| (% cosf(sints — sinty) + ‘/\; sin f(costs — costl)))/((% cosf(sints — sinty)
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\/\; sin f#(costs — costy))( V=T cos O(sinty — sinty) + \/\; sin @(coste — costy))+

(—% sinf(sints — sinty) + \/E cos 0(COSt3 - costl))(—g sin f(sinte — sinty)

ﬁé

+% cos f(costy — cos tl))))( \[ costycosf +vsinf — wcosl
)+ (((—% sin f(sints — sinty) + \/\/? cos f(costs — cos tg))(\/\? cos f(sinty — sinty)
—i—% sin @(costy — costy)) — ( ‘/ﬁ sinf(sinty — sinty) + C cos f(costy — costy))
(% cosO(sints — sinty) + ‘/\; sin f(costs — Costg)))/((‘/\? cos O(sints — sinty)
—i—% sin (costs — costy)) (2L \/a cosf(sinty —sinty) + ‘/\; sin f(costy — costy))+
(—% sin f(sints — sintsg) + ‘/E cos f(costs — costg))(—g sin @(sinty — sinty)
—|—% cos f(costy — costy))))(— \/? sinto sin + \/\7 costycosf +vsinfh — wcos b))+
(((—% sinf(sints — sint;) + F cos f(costs — cos tl))(*/\? cos f(sints — sints)
—P/% sin #(costs — costy)) — ! sin O(sints — sinty) + ‘/\7 cos f(costs — costs))
(% cosf(sints — sinty) + YL si 9(cos ty — costl)))/((‘/ﬁ cos f(sints — sint;)
—i—% sin f(costs — costy))( af cosf(sints — sinty) + ‘7 sinf(costs — costa))+
(—% sinf(sints — sinty) + _f co s&(costg — costl))(—% sin f(sints — sints)
—i—% cosf(costs — costa))))(— smtg sin @ + ‘/\7 costgcos @ + vsinf — wcosh))/
(((—% sinf(sints — sint;) + \/Ef cos f(costs — cos tl))(% cos f(sinte — sinty)
+% sin @(coste — costy)) — (— ‘/\; sinf(sintg — sinty) + % cos f(costy — costy))
(% cosf(sints —sinty) + */\/? sin f(costs — costl)))/((‘/ﬁ cos f(sints — sint;)
—i—% sin f(costs — costl))(% cosf(sinty —sinty) + ‘/\7 sin f(costy — costy))+

(—% sinf(sints — sinty) + % cosB(costs — costy))(— C sin f(sinte — sinty)
—i—‘? cosf(costy — costy)))+

((—g sinf(sints — sintq) + ‘/\E cosf(costs — cos.tg))(£ osf(sinty — sinty)
—I—\/\; sin @(coste — costy)) — (—% sinf(sinte — sinty) + % cos f(costy — costy))

<

(% cos f(sints — sinty) + V=1 gin f(costs — COSt2)))/(( cose(blntg —sinty)
+\/% sin f(costs — costa)) (Y=

e

cosf(sinty — sinty) + \/\/; sin @(costy — costy))+

>

(— ‘/\? sin f(sints — sintg) + \/E cos f(costz — cos tg))(—\/% sin f(sinty — sint;)
—i—‘? cosf(costy — costy)))+

((—g sin f(sints — sinty) + \/Ef cosf(costs — costy )( L cos f(sin t3 — sin t)
—i—‘/\; sinf(costs — costy)) — ( ‘/\? sin f(sints — sintq) + V=1 cos O(costs — costa))

&.,

(ﬁ cosf(sints —sinty) + VI gin O(costs — costl)))/((ﬁ cos f(sints — sinty)

va Va va
+% sin f(cos t3 — cos tl))(\/\/? cosf(sints —sinty) + % sin @(costs — costy))+
(—L V=T v=F

NG sinf(sints — sint;) + e cos f(costs — cos tl))(_T sin f(sints — sintq)
)

+\/% cos f(costs — costs))))

Hyperbola We have

Then we have

T = \/_afscizstel + gtantl sinf — pcosf — gsinf
Y1 = —\/\/*?Csézfl + FV:J; tanty cosf + psinf — gcosf

19



Va sintg /—c

Yo = _\/\/_?Cségf; + \/\/:I:tantgcose + psinf — gcos 6

{ T3 = v—f cosb + \/Tftantgsine—pCOSQ—qsiHG

{ go = YL cosO o V=Fgon o ging — peosf — gsind

Va sints v—c
Yz = — V\/_af (f;‘slf; + F‘:J; tants cosf + psinf — gcos 6
We now just need to replace the x1,x9,x3,y1,y2,y3 (the Ellipse situation for Othocentre’s

locus)with the z1, z2, z3, y1, Y2, y3 above.

x = at?

Yy =at
T = at%cos@—i—atl sinf — pcosf — ¢sinf
Y1 = —at?sinf + aty cos O + psin — gcos f

Parabola We have
Then we have

Ty = at%cosﬁ—i—atgsinQ—pcosH— qsin @
Yo = —at3sinf + aty cos O + psin — gcos b

T3 = at3cosd + atzsinh — pcosf — gsinf
Y3 = —at2sinf + atz cosd + psinf — gcosf

We now just need to replace the x1,x9,x3,y1,y2,y3 (the Ellipse situation for Othocentre’s
locus) with the x1, 9, x3,y1, Y2, y3 above.
2.4.4 Intersection of symmedian’s locus

2 2 2 2
e1+awa s+ (% + ;2)x1+( +?2)x2+(%+§—2)x3

N a?+b% ¢ here a,b ¢ are the length of the triangle
. y1+y2+y3+(‘j§+b§)y1+( vy 2)yz+( vl bz)yS ( g / gle)
- a?+b2+c?
Ellipse
T = V\/af sinty cosf + Vf costysinf —vcosf —wsin b
Y1 = —V\/Ef sinty sin 6 + V\/ costycosf +vsinf — wcos

To = %sinhcos@%— \/\;costgsmﬁ—vcose wsin 6
Yo = —% sintg sin 6 + %coshcos&—l—vsm& —wcosb

va Va

T3 = FSIDthOS@—I— FCOSthlIlQ—’UCOS@ w sin 6
Y3 = —% sintgsinf + %Cost;:,cos@—l—usm@ — wcos

a = ((CLCOS (9(t3 — tg)(tg + tg) + asin@(tg — tg))Q + (—asin 9(t3 — tg)(tg + tg) + asinﬂ(tg — tg)))
b= ((acosO(ts —t1)(ts + t1) + asinf(ts — t1))? + (—asinO(t3 — t1)(ts + t1) + asinO(t3 — t1)))
c= ((acosf(ty — t1)(ta + t1) + asind(ta — t1))? + (—asinO(ta — t1)(t2 + t1) + asinf(t2 — t1)))

We just need to replace the things above, we can get the function.

[T ST
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Hyperbola

Va sinty \/

= —\/\/_?Cségfl + \/\/::itantl cosf + psinf — gcosf

{ T = V—J cosb \/jtantlsiHH—pCOSQ—qsinﬁ

T = \/\/_?scii’lsti + */\/::ﬁtantgsinG —pcosf — qsinf
Yo = —\/\/_?CS;SZ + FV:’; tanto cos + psinf — g cosf

VoI sind | VT tant cos + psinf — gcost

{ T3 = J&f;‘r’lstz + \/\/::ijtantgsinﬂ —pcosf — qsinf

Y3 = — Va costs v—c
a = ((acos(t3 — ta)(tz +t2) + asinf(ts — t2))? + (—asinO(tz — t2)(t3 + t2) + asinO(t3 — t2)))%
b= ((acosO(t3 —t1)(tz +t1) + asinf(ts —t1))% + (—asinO(tz — t1)(t3 + t1) + asinO(t3 — tl)))%
c=((acosO(ty —t1)(ta +t1) + asinf(ta —t1))? + (—asinO(ta — t1)(ta + t1) + asinO(ty — tl)))%
We just need to replace the function above, we can get the function.
Parabola
T = %sintlcoséH— %costwin@—vcosﬁ—wsin@
Y1 = —% sinty sin 6 + %Costl cosf +vsinf — wcosb
T = %SintQCOSQ—F %COStQSiDQ—UCOSG—wSiHQ
Yo = —% sintg sin 6 + %costQ cosf +vsinf — wcosb
T3 = %sintgcosﬁ%— %cost;;sinH—vcosH—wsin@
Y3 = —% sintzsinf + %costgcose +wvsinf — wcosf
a = ((acosO(t3 —t2)(tz +t2) + asinf(ts —t2))? + (—asinO(t3 — t2)(ts + to) + asin O(t3 — tg)))%
b= ((acos(t3 —t1)(tz +t1) + asinf(ts —t1))? + (—asinO(tz — t1)(t3 + t1) + asinO(t3 — tl)))%
c=((acosO(ty —t1)(ta +t1) + asinf(ty —t1)) + (—asinO(ta — t1)(ta + t1) + asin Oty — tl)))%

We just need to replace the function above, we can get the function

2.5 Summarize
2.5.1 Incentre’s locus

The locus actually is made up by two parts and when az? + bxy + cy? + dx + ey + f = 0 are
different kinds of second-order curve, we have different situations

Ellipse when three points are in a Ellipse,one is under the line AB, the other is over the
line AB, and they both a part of a Ellipse,A and B are break points

Hyperbola when it is a hyperbola, its two parts are both part of hyperbola. When A B’s
y-arex value are both positiv or negativ and are not on the same branch of the hyperbola, the
two hyperbola are "parallel symmetry”(the symmetry axes of two hyperbolas are parallel) if
they are not in the same positivity or negativity, the two hyperbola are "cross symmetry”(the
symmetry axes of two hyperbolas are not parallel), and B are break points

Parabola When it is a parabola, no matter A,B are on the both sides or only one side of

the symmetry axe,there is one hyperbola over the line AB und one below the line AB.A and
B are break points
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2.5.2 Orthocentre’s locus

there are two situations, ein is non-right triangle and the another is right triangle
Non-right triangle

Ellipse When it is a Ellipse, the graph is the same as a(£)? 4+ b(%)(%) + c(4)? + d(%) +
e(4)+ f =0, it is just a graph of a(£)? +b(£)(4) + c(%)* + d(%) + e(4) + f = 0 and move it
randomly

Hyperbola When it is a hyperbola, the graph is the same as a(%)? + b(
d(%)+e(¥)+ f =0, it is just a graph of a(£)* +b($)(%) +c(4)* +d(%) +e
move it randomly

Parabola When it is a Parabola, when we use & = ay?, this type to deschreibe the alge-
braic expression of the locus, it has a same graph with x = 3ay?

Right triangle
Ellipse When it is a Ellipse, the graph is the same as af(

e(4)+ f =0, it is just a graph of a(£)? +b(%) (%) +c(¥)? +
it randomly

+c(d)?+d(%) +

Om , and move

Hyperbola When it is a hyperbola, the graph is the same as az?4bxy+cy?+dr+ey+f = 0,
it is just a graph of ax? + bxy + cy? + dx + ey + f = 0 and move it randomly.

Parabola When it is a Parabola, when we use = ay?, this type to deschreibe the algebraic
expression of the locus, it has a same graph with z = ay?
2.5.3 Circumcentre’s locus

The locus of circumcentre’s locus is a second-order curve

T — T 2+ — 2
y=— 1 2,41 vi -5
Y1 — Y2 2y1 — 2y

2.5.4 intersection of medians’ locus

The locus of intersection of median’s locus is a second-order curve
a(3z — x1 — 22)* + b3z — 1 — x2)(3y — Y1 — y2)+

c(3y—y1—y2)2—|—d(31:—x1—x2)+e(3y—y1—y2)+f:0
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2.5.5 intersection of symmedians’ locus

Ellipse When it is a Ellipse,three is three different situations, three are two different kind
of "inward depression”, one is the ”inward depression” on the sides and the another is the
“inward depression” in the middle

TN AT N TN

/

\* /// a\\/ /, \ /

Figure 4: Three different situations

Hyperbola When it is a hyperbola, it is a very complex graph, the graph is made up
with two parts,it is to difficult to deschreibe with language.If the two points are on different
branchs,we have

Figure 5: Four situations on two branches of he function

If the two points are on the same sides, we have

Figure 6: Four situations on one sanme branches of the function

There are some differences in the shape of the, in the first picture, the tip is under the line,
and in the second picture, there are no tips, and in the third picture, the tip is above the line
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Parabola There are three different graphs in this kind of situation, two of them are same
type, their two points A,B are on the different sides of the axis of symmetry, and another
one is one side of the axis of symmetry.

If the two points A,B are on the different sides of the axis of symmetry, then we have

Figure 7: A B are on the different sides of the axis of symmetry

If the two points A,B are on the same side of the axis of symmetry, then we have

Figure 8: A B are on the same sides of the axis of symmetry

2.5.6 Suggest and study additional directions of research

In future research, we can use graph theory to illustrate that trajectories do not actually have
intersections, which means that some areas that appear to have a intersection actually do
not have any intersections. At the same time, we can also use Fourier transform to fit overly
complex equations. What we need to examine clearly is the relationship between various
coefficients and the coordinates of triangle vertices.

3 Literature

1. Shen Wenxuan;Yang Qingtao,New Analysis of Graphic Characteristics [M] Harbin,
Harbin Institute of Technology Press,2019,202-204
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